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Abstract 



CL \ In this paper we provide new asymptotic estimates of the Floquet expo- 

Xy^ • nents of Schrodinger operators on the circle. By the same techniques, 

known asymptotic estimates of various others spectral quantities are im- 
proved. 



1 Introduction 



In this paper we prove asymptotics of various spectral quantities of Schrodinger 
operators L(q) := —d%,+q in one space dimension with a potential q in Lq(T, R) = 
■<^j- \ {q e L 2 (T, R); L q(x)dx — 0} where T denotes the one dimensional torus 

l/~) ■ T = K/Z. The periodic/antiperiodic spectrum of L(q) is real and discrete. 

When listed in increasing order and with their multiplicities the eigenvalues 
t^- ■ satisfy 

O I A < Ai < A 2 < A 3 < A 4 < . . . . 

^H . 

Similarly, the Dirichlet and Neumann spectra of L(q), considered on [0, 1], are 
both real and consist of simple eigenvalues. We also list them in increasing order 
jUo < Hi < H2 < M3 < • • ■ and tjq < r/i < 772 < i]3 < ■ ■ ■ ■ Furthermore denote by 

/\ ' M(x, A) the fundamental solution of L(q), i.e., the 2x2 matrix valued function 

satisfying L(q)M = XM and M (0, A) = Irf 2x2 , 



\Vi{x,X) Unix, X) J 



When evaluated at A = /i n , the Floquet matrix M(1,A) is lower triangular, 
hence its eigenvalues are given by yi(l,/j, n ) and y' 2 (l,fi„). By the Wronskian 
identity, they satisfy j/i(l, lbi)y<i(l, Hn) = !• By deforming q to the zero potential 
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along the straight line tq, < t < 1, one sees that (— l) ra j/i(l,^„) > 0. Hence 
the (normalized) Floquet exponents are given by ±K„ where 

n n := tog ((-l)Va(l, /*»)) = - log ((-l) n l/i(l, /in)) (1) 

and log denotes the principal branch of the logarithm. The k„'s actually play 
an important role in the spectral theory of Schrodinger operators and have 
applications for the study of KdV as an integrable PDE - see e.g. [I], [6]. 
It turns out that when complemented with the /U n 's they form a system of 
canonical coordinates for L\. For this reason the K n 's are also referred to as 
quasi- momenta. The first main result concerns the asymptotics of the re„'s as 
n — >• oo. To state it introduce the Sobolev spaces Hq , N £ Z>o 



H» := I p(x) = Y J Pne 2mx | \\p\\ N < oo; p- n = p n Vn G Z 
with 

iwk:=(x;i«rip»i 

Note that Hq = L\. Furthermore, denote by Hq C = Hq (g) C the complexifi- 
cation of Hq . For q £ Hq C , L(q) is no longer symmetric with respect to the 
standard inner product in Lq = L 2 (T, C), 



(f,9) = / f{x)g{x)dx. 
Jo 

The periodic/antiperiodic spectrum as well as the Dirichlet and Neumann spec- 
tra are still discrete, the eigenvalues (A n )„>o, (p 7 i) n >i and (r] n ) n >o however 
might be complex valued. We list them with their algebraic multiplicities and 
in lexicographic ordering, defined for complex numbers a, b by 

a < b iff [Re a < Re b] or [Re a = Re b and Im a < Im b] . 

It turns out that there exists a complex neighbourhood W of Lp = H® in H® c 
so that on W the Dirichlet eigenvalues /Ui,/t2j ••• are simple and real analytic 
and 

-log((-l) n yi(l,Mn)), 71 = 1,2,..., 

define real analytic functions, denoted again by K n . In the sequel, it is convenient 
to write t\ for the n'th component of a sequence in £^ = £ 2 (N, C). 

Theorem 1.1. Let N > 0. TTierc /or any q in W n i^ 

k„ = - — I (q,sin27m:c) 



27m V « W+1 " 

uniformly on bounded subsets of W n Hq C . 



Remark 1.1. For N = 0, the asymptotics of Theorem \l.l\ can be found in ffijj 
p 60. 

For q G Hq , one could expect that the K n 's have an expansion of the form 



v- c fc , 1 - 



Z-^i n k 

k=0 



Surprisingly, Theorem 11.11 says that the c& vanish for any < k < K where 
K = N. 

To prove Theorem 1 1.1 1 we need to define and study special solutions of L(q)y = 
v 2 y for v G C with \v\ sufficiently large, obtained by a WKB ansatz, chosen 
in such a way that various error terms can be easily estimated - see Section 
[2] for details. It turns out that by the same approach one can improve on the 
asymptotics of periodic/antiperiodic eigenvalues of L(q) known in the literature. 

Theorem 1.2. Let q be in Hq C with N G Z> . Then 

{A 2 „, X 2n -i} = {m n ± yj(q, e 2 — ) (q, e" 2 — ) + ^^ + ^O (2) 

uniformly on bounded subsets of potentials in Hq C . The quantity m n is of the 
form 



2_2 , V^ 1 

2- C2 ^^j 



ir-,r+ } C2 jz ^- (3) 

2<2j<N+l 



with coefficients c<zj which are independent of n and N and given by integrals of 
polynomials in q and its derivatives up to order 2j — 2. 

Remark 1.2. The asymptotic estimate ([2]), but not of the uniform boundedness 
of the error terms stated above, are due to Marchenko J5jj. 



Unfortunately, the asymptotics of Theorem 11.21 do not lead to satisfactory 
asymptotic estimates of the sequence (r n ) n >i where r„ = (A2 n + A2 n -i)/2- 
In Theorem 18.11 of Appendix B, the asymptotic estimates of Theorem 11.21 arc 
improved on Hq and lead to the desired estimates for r n . However in the com- 
plex case, different arguments have to be used to obtain stronger asymptotics 

of T n . 

Theorem 1.3. (i) For any q G H^ , N G Z> , 

r n (q) =m n + - WTT el (4) 

where m n is given by ([3|) and the error term is uniformly bounded on bounded 
sets of potentials in H$ . 

(ii) For any N G Z>o, there exists an open neighbourhood Wm Q Hq C of 
Hq so that ((4]) holds on Wn with a locally uniformly bounded error term. 



Remark 1.3. We expect that the asymptotics ^ hold on all of H^ c , and that 
the error term in Q is bounded on bounded sets of Hq C . However, for the 
applications in \S, the result as stated suffices. 

By the same approach we also obtain a short and self-contained proof of the 
following asymptotics of the Neumann and of the Dirichlet eigenvalues. 

Theorem 1.4. Let q be in Hq C with N G Z>o- Then 

Vn = m n + (q, cos 2imx) + jv+1 1\ (5) 

M« = m n - (q, cos 2imx) + jv+1 i\ (6) 

uniformly on bounded subsets of potentials in Hq C . Here, m n is the expression 
defined in (|3|). 

Remark 1.4. The asymptotics ^ of the Dirichlet eigenvalues are due to 
Marchenko [5]. The uniform boundedness of the error in (|B]) is shown in J7V. 

The above theorems are important ingredients in subsequent work [3] on quali- 
tative properties of periodic solutions of KdV and on the asymptotics of canon- 
ically defined normal coordinates, also referred to as Birkhoff coordinates. 
The paper is organized as follows. In Section [2] we discuss special solutions 
of L(q)f — v 2 f which admit an asymptotic expansion as \v\ — >■ oo. Theorem 
11.11 is proved in Section |31 Theorem 11.41 in Section [U Theorem 11.21 in Section 
[S] and Theorem 11.31 is Section [5] In Appendix A we prove results on infinite 
products needed throughout the paper and in Appendix B we prove improved 
asymptotics for the periodic/antiperiodic eigenvalues of L(q) for q real valued 
needed for the proof of Theorem 11.31 



2 Special solutions 

In this section we prove estimates of special solutions of — y" + qy = Ay as 
|A| — >• oo for potentials q in H^ c with N > which are needed to derive the 
claimed asymptotics of various spectral quantities. These solutions are obtained 
with a WKB ansatz and are a version, suited for our purposes, of solutions 
introduced and studied by Marchenko 5 , p 50 ff. 

As L(q) = —d 2 j. + q is a differential operator of second order it is convenient 
to introduce v as a new spectral parameter with v 2 playing the role of A. The 
special solutions considered are denoted by zn(x, v) and defined for v ^ by 

Zn(x, v) = yx(x, v 2 ) + a N (0, v)y 2 {x, v 2 ) (7) 



where yi(x, A), yiix, A) denote the standard fundamental solutions of — y"+qy 

tN 

'o,c 



Ay and q is assumed to be in H^ c = Hq(T, C). The function ajv(x, v) is given 



by 



N 

a N {x, v) = iv + ^2 rZ^\k ( 8 ) 

fe=i 



{2iv) h 



where 

si(x) = q(x), s 2 {x) = -d x q(x) (9) 

and, for 2 < k < N, Sk+i is determined by the recursion relation 

fe-i 
s fe+ i(x) = -d x Sk(x) - ^ Sk-j{x)sj(x). (10) 

3=1 

(Note that (ITU)) remains true for iV = 1: In this case, the sum in (fTUj) is not 
present.) By an induction argument one sees that for any q £ J?q C , and any 
< k < N, Sfc-|-i is a universal isobaric polynomial homogeneous of degree 1 + 1 . 
Here the adjective 'isobaric' signifies that q is considered to be of degree 1 and 
differentiation d x of degree 1/2. Furthermore, for any 1 < k < N, 

s k+ i(x) = (-l) k d k x q{x) + S k - 2 {x) (11) 

where Sk-2(x) is a polynomial in q(x), d x q(x), . . . , d x ~ 2 q(x) with constant coef- 
ficients and where S-± = 0. As a consequence, ajv(", v) £ H^> and by the Sobolev 
embedding theorem, (Xn(x, v) is continuous in x and hence well-defined. 
Moreover, as Sj € iJ c H 3 for any 1 < j < N + 1, X)j=i s iv+i-j(a;)s : ,(x) is in 
i?P and one may define sn+2 by formula (|10p as an element in iJ^T 

TV 

sjv +2 (z) = -d xSN+1 - £ s;v + i-^ = (-l) N+1 d? +1 q(x) + H&. (12) 
j=i 

Clearly, for any f eC\ {0}, zn{x, v) and zn{x, —v) are solutions of — y" + qy = 
Xy with A = r/ which both are 1 at x — and are linearly dependent solutions 
iff 

ajv(0, v) - a N (0, -v) = 0, 

i.e. v is a zero of the following polynomial of degree N + 1 
PN {v) = {2iv) N (a N (0, v) - a N {0, -v)) 

N 

= (^) w+1 + J2 **(0) (1 - (-1)*) (2^) JV - fc . 
fc=i 

It then follows that there exists vq > so that 

|pjv(v)| > 1 V|H>^o- 



By the Sobolev embedding theorem, the number i/q can be chosen uniformly on 
bounded sets of potentials in Hq C . In particular, for \v\ > vq one has 

yi{x,v 2 ) = — — -(a N (0,u)z N (x,-v) - a N (Q,-v)z N (x,t>) ) 

and 

y 2 (x, v 2 ) = —— {z N (x, v) - z N (x, -v)) . 

ajv(0, v) — ajv(U, —v) 

Furthermore note that for any x <G M, zm{x : v) is analytic on C* x Hq C . As 
mentioned above, the solutions zn(x,v) are determined by a WKB ansatz, 

z N [x, v) = w N (x, v) + , 2i , N+1 
with 

wn(x, v) — exp I / ajif(t, v)dt ) . (13) 

By the considerations above it follows that Wn{', v) is in H%[0, 1]. As t/i(-, i/ 2 ) 
and y 2 (-,^ 2 ), and hence zjv(-,^), are in H^ +2 [0,l] one then concludes that 
rjv(-, ^) is in i^^fO, 1] as well. To study the asymptotics of rtf(x, v) as \v\ — > oo, 
first note that 

w^v = oi N w N and u^, = (a' w + ajy)u;jv. 

When substituting the latter expression into — y" + qy = Xy one obtains 

(~a' N - a 2 N + q - v 2 ) w N + +1 (-r% + qr N - v 2 r N ) = 0. (14) 

Expanding a 2 N in powers of v~ x leads to 

JV-l 27V 

2 2 i V^ S k+1 . ST^ 1 V^ 

fe=0 v ; fc=2 v ' l<l<fc— 1, l<k-i, 2<iV 

Taking into account the identity S\ = q and the relations (|10j) one then gets 

AT-l 




SjV-iS/ 



, (2w/) 

KKJV-l ' 



A' 




Substituting this expression into (fH)) yields 

-r'n + qrN - v 2 r N = -2ivf N (x, v) (15) 

where 

f N (x,v) :=s N+1 w N -^l Y^ s N+k-isi T^rTfc - (16) 

Recall that 

s N+1 (x) - (-l) N d?q(x) £ J3g, (17) 

sjy + k-isi £ Hf* for any k < I < N and wn(-,v) £ #£[0,1]. Hence /jv( - ,^) S 
Lp[0, 1]. More precisely, 

M-, */) = (-l) N d?q ■ w N (; v) + Hh[0, 1] 

uniformly on bounded subsets of #q c an< ^ uniformly for i/£C with |i/| > 1 and 
| Imi/| < C. Further note that 

nv(0, v) = (2 J ^) Ar+1 ( Zjv (0, i/) - t» w (0, i/)) - (18) 

and 

r' N (0, v) = (2zz/) JV+1 (z^(0, i/) - a(0, v)w N % i/)) = 0. (19) 

The estimates for r^r are obtained by using that it satisfies the inhomoge- 
neous Schrodinger equation (1151) . Given q £ Lq c and i/£C denote by r(x, z/) 
the unique solution of the initial value problem 

-r" + qr-v 2 r = -2ivf{x,v) (20) 

r(0,i/)=0 and r'(0,i/) = (21) 

where the inhomogeneous term on the right hand side of (|20j) is assumed to be 
in Lc([0, 1]) for any value of v. Note that by assumption 

Q{1) = where Q(x) = / q(t)dt (0 < x < 1). (22) 

Jo 

The solution r(x, v) of (|20 p -(|2i p satisfies the following standard estimates. 

Lemma 2.1. Let q £ L^ c and f(x, v) — h(x)e lxu with h £ L^[0, 1]. Then for 
any v £ C \ {0} and < x < 1, i/ie solution r{x,v) of (|2U|) - ([2~T|) satisfies the 
estimates 

. , ,. /i? 2 4i? 3 / 1 \\ ..,.. 



[r'MI < (tf 



3 



2(1 + N|)i^^ 1 



\v\ 



where 



R = -R(^, q) := exp (| Im v\ 



Proof. By the method of the variation of constants, the solution r(x, v) has the 
following integral representation - see e.g. [6], Theorem 2, p 12 

r(x,u)= I {yi{ty)vi{x,u 2 )-Vi{xy)y 2 {ty))f{t,v)dt (23) 

Jo 

where yt = y%(x, v , q), i — 1,2, denote the fundamental solutions of ~y" + qy = 
v 2 y. They satisfy the following estimates on [0,1] x C x L 2 , c - see e.g. [6], 
Theorem 3, p 13 



I I 2 \ I -^ 

t/i(a;, v ,q) — cos^x <- — j-; 



y 2 {x,v 2 ,q) 



sin i/x 



<- 



|yi(x, ^ 2 ,q) + ^sin^xl <||g||i?; \y' 2 {x , v 2 , q) — cos^xl < 



R 

w 

h\\R 
M ' 



Formula (|23[) then leads to the following estimates for 0<i<l, y£C\{0}, 
q e Lji c 



Z - * sin^(.x -*) ., 
r(a;,i/)- / => l f(f,v)dt 

Jo v 

r'(x,v)— / cos v(x — t)f(t,p)dt 



< T-J2" I 1 + — I llfcl 



vv 



W\ 



< 



2(l + |lg|l)fl 3 / 1 



|/'ll 



As 



and 



sin^(x — t) 



/(*,i/)dt 



< J_ f e 2 \^\\h{t)\dt< ±-R 2 \\h\\ 

W\ Jo w\ 



cos v(x — t)f(t, v)dt 



: I e 2 ^ m ^\h(t)\dt<R 2 \\h\\ 
o 



it then follows that 



,'R 2 4R 3 / 1 

l*"B(u + u7 1 + rj 



2(l + ||g||)i? 3 



i/(x, ^ < ( i? 2 + -^ ' ,'',;" y " ( i + o ) ) wh 



U 



To obtain the claimed asymptotics of the periodic and Dirichlet eigenvalues, 
the estimates of Lemma |2~T1 have to be refined. 

Lemma 2.2. Assume that q £ L 2 , c . Then for any sequence v n = nir+—£ 2 l , n> 
1, the solution r(x,v) of (|20[) - (I21I) satisfies the following estimates: 



(i) Iff(x, v) = h(x)e lxv with h <E L|[0, 1], 



r(l,±i/„)=(-l) n / h(z)cfe + (-l) 

Jo 

(_1)«+1 /"I 



1 /.l 

n+1 



h(x)e 



±2imtx 



dx 



1 



± ^ / Q{x)h(x)dx + -^ 2 



1 /.l 

±2in-irx , 



r'(l,±z/„) = ±irnr(-l) n / h(x)dx±inir(-l) n h{x)e ±2mnx dx 

Jo Jo 



2~ 



Q(x)h(x)dx + £ 



2 



/o 



(zij If f(x,v) — >f e wx and the family h(-,v) is bounded in L^[0, 1], then 

r(l,±i/„) = 0(4) and r'(l,±i^) = O ( ^ 

TTie estimates in (i) and (ii) are uniform on bounded sets of q's, h's and i 2 ^- 
sequences (^— )„> r 

Proof. As in the proof of Lemma 12. Ii the solution r of (|20|) - (f2~lj) is written in 
the following integral form 



r{x,v) = 2iv I G{x,t;v)f{t,v)dt (24) 

Jo 

where, with A = z/ 2 , 

G(x,t;v) = y 1 (t,X)y 2 {x,X) - y 1 (x,X)y 2 {t,X). 
As a consequence 

r'(x, v) = 2jz> / <9 x G(a;, t; z/)/(i, ^)di. 



According to [6] p 14, the solutions yi(x, A), i = 1,2, and their derivatives 
24(x, A) admit the following expansion 

1 f x 

yx{x,X) = cosvx A — / smv(x — t) ■ cosvt ■ q(t)dt + 0{v~~ 2 ) 



and 



2/2(2:, A) = 1 5- / sinz/(:r — i) ■ sinz/i ■ q(t)dt + 0(y 3 ) 



j/i(a;, A) = — vsaivx + / cos ^(2: — t) ■ cosvt ■ q(t)dt + 0(^ _1 ) 
Jo 

1 f x 
y 2 (x, A) = cos vx H — / cosz/(a; — i) • sini^t • q(t)dt + 0{v~ 2 ). 
v Jo 

These estimates are uniform on the strip |Imi/| < C, with C > arbitrary. 
Hence 

_,. . smv(x — t) 1 f x , . 

G(x, i; f ) = 1 — j / Sln ^(2- — s ) ' Sln K 5 — t) ' q(s)ds 

v v Jo 

1 /"* 

sin^(s — i) • sinr/(as — s) • q(s)ds + 0{y 3 ) 



z/ 



2 , 




and 

1 r 

d x G(x, t; v) = cos v(x — t) -\ — / cos v(x — s) ■ sin v(s — t) ■ q(s)ds 

v Jo 

1 /•* 

/ sin v{s — t) ■ cos v{x — s) ■ q(s)ds + 0{y 2 ). 

v Jo 

When substituted into (|24[) one gets, up to an error term which is uniform 
on bounded sets of q's and f's, 

r(x, is) =1 + 11 + 111 + 0{iy- 2 ) 

where 



/ = I(x, v) = 2% f sin^(x — t) ■ fit, v)dt 
Jo 

2% f x f x 

II = II(x,i') = — / dtf(t,v)- I dss\x\v(x — s) ■ sin^(s — t) ■ q(s) 
v Jo Jo 

III = III(x 1 v) = / dtf[t,v)- I dssmi/(x — s) ■ sin^(s — t) ■ q(s) 

v Jo Jo 

After regrouping the terms d x II and d x III, the derivative r'(x, v) can be written 
in the form 

r'(x, u)=h + Ih + Ilh + 0{u- x ) 

where 



I\ = I\ (x, v) = d x I(x, v) = 2iv I cos v[x — t) ■ f(t, v)dt 

Jo 

II\= II\(x,v) =2i I dtf(t,u)- / ds cos v(x — s) ■ sin u(s — t) ■ q(s) 
Jo Jo 

IIIl = III\{x,v) = —2i / dtf(t,v) ■ / ds cos v(x — s) ■ sinz/(s — t) ■ q(s) 
Jo Jo 

To prove item (i) , each of the three terms are treated seperately. Recall that in 
(i), f(x, v) is of the form f(t, v) = h[t)e lvt . Using that 

iismvyx — t) = e e — e e 

term I can be computed to be 

f-X f-X 

I = e ivx \ h(t)dt - e- iux / h(t)e 2lut dt. 
Jo Jo 

As by assumption, u n = hit + —t 2 ,,-, one has 



^±iv n t ±imrt f 1 _i_ _/2 



10 



Thus 



l ,1 1 

(-1)" / h{t)e ±2inlTt ^ ' i' 2 
Jo 



I(l,±u„) = (-1)" / h(t)dt - (-1)" / h{t)e ±ZmlTt dt + -t n . 
Similarly one shows that 



h(x,u) = ive ivx \ h(t)dt + we- wx h{t)e 2lvt dt 
Jo Jo 

and therefore 

7 1 (l,±j/„) = ±m7r(-l)" f h(t)dt±mn(-l) n f h(t)e ±2mvt dt + i\. 

Jo Jo 

To treat the term II, write 

2i sin v(x -s)-2i sin v(s - t) =e iux e - lvt + e - iux e ivt 

_ —ivx—ivtJlivs Avx ivt —livs 

o o o o C o 



to get, with the notation of (|22|) . 



II(x, v) =- — / h(t)dt ■ Q(x) + - / h{t)e 2lut dt ■ Q(x) 

2iv J Q 2iv J Q 



liv j Q jo 



h(t)dt / q{s)e zws ds 



ivx fX px 

— \ h(t)e 2wt dt / q{s)e- 2ivs ds. 
2iv J Jo 



As by assumption (f22|) . Q(l) — one gets, arguing as above 



II(l,±is n ) = -f 2 
n 



Similarly, 



Ih(x, v) =- — / h(t)dt ■ Q(x) - / h{t)e 2wt dt ■ Q(x) 

2 Jo 2 Jo 



h(t)dt / q{s)e 2lvs ds 
2 Jo Jo 

ivx rx i-x 

— - / h{t)e 2lvt dt / q(s)e~ 2ws ds 
2 Jo Jo 



leading to 



Ih{l,±v n ) = { —^- f h(t)dt- f q(s)e ±2m * s ds 
* Jo Jo 



' h(t)e 2m7rt dt • / g(s)e T2m7rs ds + -£ 



2 



2 Jo Jo n 



11 



The term III is treated similarly, to get 

-1 , ir ,-l 



iv rl -iv pi 

711(1,*/)=-—/ Q(t)h(t)dt - -— / Q{t)h{t)e 2wt dt 
2iv J 2iv J 

iv pi pi 

+ ^zl I iio.tiWjW^)^-'" 5 ** 



2 ^./0 JO 



2iv 



f q{s) ( J h{t)dt\e 2ws ds. 



As Q(t)h(t) and q(s)-f h(t)dt are in £^[0, 1] and l[ 0jt ](s)g(s)/i(i) is in L^[0, 1] 
it then follows that 

(-l) n+1 f 1 1 

17/(1, ±i/ n ) = ±^— '- / Q(t)h(t)dt + -£ 2 n . 

Ztnir J Q n 

Finally, in the same way, one obtains 

(— 1)™ +1 f 1 (— 1)" +1 f 1 



IIh(l,±U n ) =^-1 / h{t)Q{t)dt+ K -^ / h(t)U q{s)e ±2 " ns d S \dt 

I q(s)e^ 2m7TS ds] dt 



1 / ,-t 



+ tJL I h(t)e ±2innt 
2 Jo 

+ i- ^- / h{t)e ±2m7Tt Q(t)dt + -£ 2 n . 
2 Jo n 

Towards item (ii) recall that in this case f(x, v) — .f' e lvx and in a straight- 
forward way each of the terms I, II, and III can be bounded pointwise by 0(v~ 2 ) 
whereas each of the terms I\,II\,IIIi can be bounded pointwise by OfV^ 1 ), 
leading to the claimed estimates. Going through the various steps of the proof 
one verifies in a straightforward way that the claimed uniformity of the estimates 
(i) and (ii) hold. □ 



Lemma [2721 will now be applied to get the desired estimates for rjv(l, i-^/Tv) 
as n — > oo. Here rjv(l,±v7v) ^ s §i ven by (fT5]) - ([T9|) . Actually we formulate our 
results in a slightly more general form. For q in H^ c and 1 < k < N + 2, let 

us introduce a& = f Sk(x)dx. Recall that sn +2 = {—l) N+1 d^ +1 q + L 2 z . Hence 
sjv+2 is in H^ and the integral L SN+2(x)dx is well-defined. By (|12[) 

N -i 

ajv+2 = -^] / SN+i-j(x)sj(x)dx. (25) 

Proposition 2.1. Let q be in H^ with N > 0. T/ien for any sequence v n = 



12 



1*2 



has 



1 

N I „/„\ rt i2m7Tic . 



(*) r w (l,±i/ n ) =(-l)" aiV+1 + (-l)" +i (±2 t ^) iV / q(x)e ±2m ™dx 

Zinir n 

(ii) r' N {l,±v n ) =±imr{~l) n a N+1 ±ini:{-l) n (±2imT) N I q(x)e ±2m ™dx 

Jo 

4- { ~ 1)n a + f 2 

uniformly for q's in bounded subsets of Hq C and (v n )n>i in sets of sequences 
such that (n(y n — n.7r)) n >i is uniformly bounded in l 2 ^. 

Proof, (i) Let us first treat the case N = 0. Then the right hand side of (fT5|) is 
given by fait, v n ) = q(x)e lVnX . Hence one has by Lemma r2.2l fi) with h = q, 

r (l,±O = (-l) n+1 / q(x)e ±2m ™dx + ~l\ 
Jo n 

where we used that, by assumption, Q(l) = and that 

,i ,i 1 

Q{x)q(x)dx = j — d x Q(x) 2 dx = 0. 
Jo 2 

To apply Lemma 12.21 for N > 1 we write /at on the right hand side of (fT5|) in 
the form 

, / n , u iMj M>) ira . h 3 (x,v) i 
f N (x, v) = h 1 {x)e + — — e H 5 — e 



-( ■ — — ■ ■■-■■ ■■•{ 

2iv 



To determine hi, h%, and /13 we need to analyse the expression (|T6"| defining 
fif(x,v) in more detail. Recall that by (fT5|) . wm{x,v) — exp (J ctN{t,v)dt} 
and 

ajy^^+^ + O^- 2 ). 
zzz/ 

Hence, with Q(x) = Jj? q(t)dt, 

and 

Q(x)siv+i(a;) - ^SAr + i-i(x)si(cc) — — 



(26) 



13 



where h^(x, v) can be explicitly computed from (ITH1) and h^{-, v n ) is bounded in 
Lc[0, 1] uniformly. Thus by Lemma \2. 2 1 one gets 



! ,1 

n+1 / ±2m7ra; 



r*(l,±i/ n ) =(-!)"/ s JV+1 da; + (-l) n+1 / « w+ ic ±A,M ™da! 
Jo Jo 

(— 11 n+1 f 1 1 

±i— ^ / Q ■a JV+ icte+ -4 



2m7r 7 n 

± — / Q ■ s N+1 dx - y^ sjv+i-i • sidx 

Zinir yj J Q ;=i 

(_i\n+l /■! 

± ^ / Q • s N+1 e ±2mnx dx 



± 



lirvK Jq 

(_l)n ,1 / * 



jTYf;^ +1 _r*i]e ± «»™d a: + ie 



2m7r 
To continue, note that by (JTTJ) 

Sw+1 (.*) = (-i) w a^) + i^. 

As g is periodic, integrating by parts yields 

/ s N+1 (x)e ±2m7rx dx=(-l) N [ d?q(x)e ±2m7rx dx + 0(-^) 
Jo Jo n 

= (±2inn) N / q(x)e ±2m ™dx + 0{ — ). 
Jo ~ ™ 

Moreover, as Q(x)sn+i(x) and X);=i s n+i-i(x)si(x) are in i^, their sequences 
of Fourier coefficients are in I 2 ,. Taking into account identity ([23)1 and that the 
terms containing L Q(x)sM+i{x)dx cancel each other we then get 

r N (l,±v n ) =(-l) n f s N+1 dx + (-l) n+1 {±2inn) N f q(x)e ±2m7rx dx 
Jo Jo 

(— l) n 1 

(ii) Again we treat the case N = first. Then fo(t,u n ) — q(x)e tVnX and hence 
by Lemma |2~21 (i), 

r&(l,±i/„)=±«n7r(-l) n / q{x)e ±Mn ™dx + £ 2 n 

Jo 

where we again used that L Q(x)q(x)dx — 0. As a\ — and a-i = 0, the 
obtained asymptotics coincide with the claimed ones. If N > 1, then we again 
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use the representation (f2l))) of Jn(x, v) to conclude from Lemma T2.2I that 

r'(l,±u n ) = ±in7r{-l) n a N +i±imr(-l) n [ (-l) N d?q(x)e ±2m ™dx 

Jo 

(-l) n 
+ ^-aN+i + ?l 

which leads to the claimed asymptotic estimate. Going through the various steps 
of the proof one verifies in a straightforward way that the claimed uniformity 
holds. □ 

At various occasions we will need the following property of the coefficients 
Sk for k even. 

Lemma 2.3. For q in Hq* c with N > 0, and 1 < k < N + 2, a k = L Sk(x)dx 
is equal to an integral of a polynomial of q and its derivatives up to order k — 3. 
Moreover 



/ s 2 k{x)dx = \/2<2k<N + 2 
Jo 



a,2k = / s 2k (x)dx = V2<2fc<7V + 2. (27) 

Jo 

Proof. The first statement follows from the definition (|9|)- (T10| of s k . Indeed by 
(TTTj) , for 2 < k < N + 1, a k = J^ s k _ 2 (x)dx. For the case k = N + 2 see ([23]) . 

The identities (|2"7| hold in the case N = or N = 1 as a 2 = J —d x qdx = by 
the definition (flU)) of s 2 . It therefore suffices to consider the case where N > 2. 
By approximating q € -ffoc with a sequence in Hq c, it suffices to proof ([27)) for 
<7 in Hq 1 ^. For ^ 7^ 0, denote by Y4n(x, v) the solution matrix 

, , _ /2 4 jv(a;, -^) zw{x,v) 

¥4N{X, V) — , , , , . , 

\z m (x, -v) z m {x,u) 
As Z4tv(0, v) — 1 and ^^(0, ^) = a4Ar(0, z/) one has 

det Y"4at(0, v) — «4Ar(0, v) — «4Ar(0, — v) = 2ii/ + N 



2.S 2 ; +1 (0) 
;,/|2Z+l ' 



<^ (2w) 

Therefore, det Y4jv(0, v) ^ for \v\ sufficiently large. Furthermore, by the 
Wronskian identity, det Ya^{l, v) — det 14^(0,^) and hence, for \v\ sufficiently 
large, 



z 4 jy(l, -v)z' iN {\, v) - z AN (l, v)z' iN {\, -v) _ 
a iN (0.v)~ a 4N (Q,-v) 



(28) 
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Write 24jv(1, ±^) as a product with an error term as follows. Introduce 



1<21+1<4N y ' 



5:=exp J2 



'1 21 



2<21<4N v ' 

r AN (l,±v) _ r' 4N (l,±v) 

R ± - ( + 0i , M N+i and R ± 



{±2iv) iN + 1 ± ' {±2iv) iN + 1 

As «4at(x, ^) is periodic in x, a4jv(l, v) = a47\r(0, ^), one concludes 

z m (l,v) =A- B + R +7 z m (l,-v) =A~ 1 B + R_ 

z' m (l, v) =a 4N {0 1 v)A-B + R' + , z' 4N (l, -v) =a 4N {Q, -v)A~ l B + R'_. 



Substituting these expressions into ([28[) yields 



o R , 

B = 1 ? x 7 T (29 

a 4 Ar(0,I/) - a 4 Ar(0,-^) 



where 



R = a 4N (0, v)R_AB + R' + A~ X B + R_R' + 

- a 4 Ar(0, -v)R+A~ l B - R'_AB - R+R'_. 

By Lemma l2.1[ applied to /(x, v) = —2ivf 4 N{x, v) with J4n{x, v) dehned as in 
(fP6)) , one concludes that for v real, 

R± = ( -^w ) and R' = of 



4N i aiiu _ti ± u „4JV-1 



Furthermore, a4Ar(0, ^) — a4jv(0, —v) = 2iv + O (-). Taking the logarithm of 
both sides of (|29|) then yields, for v — > oo, 



^ E T^W-^Yi- 



2 ri JN (2iv) 21 °V a 2jV (0,r/)-a 2iV (0,-i/) 
= 0" x 



which implies that 

a 2 i = V2 < 2Z < AN - 2. 

As TV + 2 < 47V - 2 for iV > 2, the claimed result follows. 



□ 



1G 



3 Asymptotics of the K n 

In this section we prove Theorem ll.il 

Proof of Theorem \l.l\ In section[2j for q G H^ c , we consider solutions of — y" 
qy = v 2 y of the form 

z N (x, ±v) = yx(x, v 2 ) + aAr(0, ±v)y 2 {x, v 2 ) 

where 



N 

aiy(x, ±v) — ±iv + y 



Sk{x) 
±2iv) k ' 



k=l 

(Note that for N = 0, the latter sum is zero.) Hence for u n = ^/jm one gets 

ZjvUi^n) = 2/l(l, A^n) = Z N {1,-V n ). 

In view of (??) it then follows that 

«n(?) = ~2 l0 § ( Z JV(1, ^n)^jv(l, ~^n)) ■ (30) 

In section [5] we show that 

r N {x,±v) 



zn(x, ±v) — wn(x, ±^) 



{±2iv) N + l 

where 

wn(x, ±v) — exp ( / ajy(t,±v)dt 



Hence zn(1, ^„)zjv(1, — v n ) = I + II + III where 



/=exp(f](l + (-l) fe )/ 1 

Vfc=i Jq 



s k {x)dx ■ (2iv n ) k 



II = w N (l, -un) {2wn)N+1 + w N (l, v n ) { _ 2wn)N+1 
III=r N {l, Vn )r N {l 1 -v n ){-l) N+1 {2iv n )- 2N - 2 . 
The three terms are analyzed separately. Let us begin with I. By Lemma [ 

(l + (-l) fc ) I s k (x)dx = \fl<k<N + 2. (31) 

Jo 

(These are the cancelations alluded to above.) Therefore 

1 = 1. (32) 
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Towards II, note that in view of the assumption L q(x)dx — one has \i n 
n 2 ii 2 + i 2 n and thus 

1 2 / 1 

v n = tvk H — 1„ = n-K 1 H r^ 

n \ n 2 

It implies that 

{2iv n )- N - 1 = (2tmr)- N - 1 + rr N ~ 3 ^ 

and 

w N {l,±v n ) = {-l) n (l + -li 

Furthermore, by Proposition l2.11 rjv(l,±^n) is given by 

(-1)" la N+1 - (±2irm) N f q(x)e ±2in ™dx ± -^—a N+2 + -f n 
\ J Q linn n 



Hence 



1 



n=(-ir(2inn)- N - 1 (r N (l,» n ) + (-l) N+1 r N (l ) -v n ))+ : ^l 2 n 
=(2m7r) _JV_1 ( (1 + {-l) N+1 )a N+1 - 2i{q, sm2imx) 

+ 2%^ aN+2 ) + ^^ £ - 

Hence again by (|31l) (Lemma 12. 3p 

(l + (-l) Ar + 2 ) flAr+2 =0 and (l + (-l) N+1 )a N+1 =0. 
Therefore 

11 = (q, sin 27rnx) + -jt&% ■ (33) 

717T ?l W + 2 

Finally, 

1/1 =^& ( 34 ) 

(If TV > 1 one has the stronger estimate III = 0(n~ N ~ 3 ).) Combining (13"2"1)-(1M1) 
then yields 

z N (l,is n )z N (l,-v n ) = 1 (g, sin 27mx) H »rro^ 



which, in view of (j30|) . leads to 

«n = - g lo § ( 2 JV(1, ^n)-2jv(l, -^n)) 

Going through the various steps of the proof one verifies in a straightforward 
way that the claimed uniformity holds. □ 
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4 Asymptotics of fi n and r\ n 

In this section we prove the asymptotic estimates for the Dirichlet and Neumann 
eigenvalues as stated in Theorem ll.4l in the introduction. 



Proof of Theorem \l-4\ Let us first prove the asymptotics of the Dirichlet eigen- 
values. The main ingredient of the proof are the special solutions Zn(x, ±f) of 
~ y" + in = v 2 y for q in Hq C , constructed in section[2l 

z N (x,v) =exp ( / a N (t,u)dt) + JT ' 1 (35) 

where «Ar(i, i^) = iv + Ylk=i {2iv) k ana ~ ^ ne functions Sfc(i) are given by ©- 
(flO]) . Note that zjv(0,±^) = 1 and recall that for \v\ sufficiently large, zn{x,v) 
and zn(x, —v) are linearly independent. Hence zn(x, v) — Zn(x, —v) is a scalar 
multiple of 2/2(2;, v 2 ). The n'th Dirichlet eigenvalue n n therefore satisfies 

z N (l,v n ) - z N (l,-v n ) =0 (36) 

where v n = ^/fln- To analyse ([36)) note that by Lemma [231 exp (J Q ajv(£, v)dt 
equals 



i<2;+i<w v ; 
= (-!)" exp li(v n -mr)+ J^ 



O-21 + l 



1<21+1<N v ; 

where afe = L Sk{t)dt. Combining (|35|) and (|36|) we therefore get the equation 
A-A^=R where i? - r ^~^ ^(1,^„) 



i.e., A satisfies the quadratic equation 

A 2 - RA - 1 = 0. (37) 

As [i n = n 2 ir 2 + i? n one has v n = nir + —i^ and hence A is the solution of (|37|) 
given by 

(-l)M = (-l) n R/2 + v/l + i? 2 /4 = 1 + i? 2 /8 + 0(i? 4 ) + {-l) n R/2. (38) 

According to Proposition 12 . II and in view of the asymptotics v n = mi -\ — £ n one 
has 

-(2iu n ) N+1 R = r N {\, v n ) + (-1)^(1, -i/„) 

= (-l)"(l + (-l) w )a A r +1 + 2(-l) n+1 (2 J mr) Ar (g,cos2mriE) 

+ ^(l + (-l) Ar+1 W +2 + 1 e 
2ot7t n 
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As by Lemma |2~5I (1 + (— 1) n )cin + i = 2cln+i as well as (1 + (— l) N+1 )aN +2 — 
2cin + 2, and 

(2ii/ n )- (JV+1) = (2m7r)-( N+1 )(l + \e n ) (39) 

n 

one gets 
(—1)™ 1 / 1 1 \ 

As a\ — L q(x)dx = 0we then conclude that in the case N = 0, 
{-l) n R= - — ( (q, cos 2nirx) + -% 



and R — -\i n whereas for N > 1, using that (2m7r) {q, cos2nnx) = i?„ 

/? 2 = 1 n ( l 

{2tnn) N + 1 

Substituting these estimates into (j5"5f therefore yields in both cases, N = and 

N>1, 

expfzK-n^Hh £ ^.=1 + ^+0(5') 
\ i< 2 ;+i<7v l2Wnj / ^ 

= l ~ 1W- — W+i{ aN + l ~ (2imr) N (q,cos2nirx) + — — a N+2 + -q)- 
(Ztnn)"^ 1 \ linn n / 

Taking the principal branch of the logarithm of both sides of the latter identity 
and multiplying by — i we thus obtain in view of (|39[) . that p n := v n — nn equals 

*= E ^^(5^r-i^ cos2n ^ + ^- (40) 

l<2Z+l<Af+2 v ™ ; 

Unfortunately, ^ n appears also on the right hand side of (|40l) . To address this 
issue, we follow an approach found by Marchenko [5]- Let 

n*)= E ^t^+^ +1 ( 41 ) 

l<2Z+l<iV+2 

and write 

1 1 l/n 



v n nn + p„ n + p n /n' 

We approximate .F(— ) by approximating p n by p(l/n) in the above expression 
where p is an analytic function so that near z = 0, 

P(*)--f( / 7 =0 - 

V7r + zp(z)y 
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To find p introduce 

G{z, w) := w — F 



it + zw 



Note that G(0,0) = and d w G(Q, 0) = 1. Hence by the implicit function 
theorem there exists near z = a unique analytic function p = p(z) so that 
p(0) = and G(z, p(z)) = for z near 0. Note that F is an odd function; hence 

G(-z, -w) = -w + F ( — - — ) = -G(z, w) 
\n + zw J 

and as a consequence, G(—z, —p(z)) = near z = 0. On the other hand, 
G(—z,p(—z)) = and therefore, by the uniqueness of p(z), one has p(— z) = 
—p(z). It follows that p has an expansion of the form 

oo 

p(z)=J2b2k + iz 2k+l . (42) 

fe=0 

The coefficients &2fc+i can be computed recursively from the identity 

f Xz) = F' 



TT + Zp(z) 

In this way one sees that for any k > 0, 62/t+i is a polynomial in the coefficients 
CL21+1 of F with < I < k. The Taylor expansion of F(z) at z n = — - 1 ,j_, with 
Lagrange's remainder term reads 

F (£)-'G) + M' (3)-'") <43) 

where 

Fn= ( F' (z n + t(-- z n ) ) dt 1 = 0(4) (44) 

7o V V^n // ^„ • (riTT + p(l/n)) n 2 

as p(0) = and p„ = -£% — > as n — > 00. Substracting p(l/n) on both sides of 
the identity (14^1) then yields 

(1 +F n ) ■ {p n -p{l/n)) = -—{q,cos2mrx) + —p^l n 
or 

p n - p(l/ri) = -— (g,cos2n7ra;) + ^vT2 £ «- 
Thus we have shown that 

l<2fc+l<AT+2 

By taking squares on both sides of the latter identity we obtain the asymptotics 
([6]) with the claimed properties of the expression m n of ([3]) . Going through the 
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arguments of the proof one verifies the stated uniformity property of the error 
term in ([6]). 

The asymptotic estimates for the Neumann eigenvalues (r] n )n>o & r e derived in 
a similar way as the ones for the Dirichlet eigenvalues. Note that the special 
solutions zn(x, ±v) satisfy zjv(0,±^) = 1 and z' N (Q : ±v) = ajv(0, ±i/). Hence 
y(x,v) :— ajv(0, — v)zn(x, v) — oin{§,v)zn(x,—v) satisfies y'(0, v) = 0. As 
aAr(0,±zy) = ±iv + J2i<k<N (±2^)fc ' for \ v \ sufficiently large, 

2/(0, i/) =a N (0,-v) -a N (0,v) = -2iv + (- J ^ 0. 

Therefore y(x,u) is parallel to y\{x, v ). Again it is convenient to introduce 
v n = \ff\ri = nn + —£„■ The n'th Neumann eigenvalue r\ n is then characterized 
by 

ajv(0, -v n )z' N (l, v n ) - a N (0, v n )z' N (l, -v n ) = 0. (45) 

To analyze (|4"5j) note that 

±1 , T N\}-) V n) 



z' N {l,±v n ) = a N {l,±v n )A ±l + 



(±2ii/ n )"+i ' 



where A ±x = exp ( ±iv n + J2i<2i+i<N j±£^2T+t) • As %(i> ±v n) is 1-periodic 
in x, (|45|) reads 

a at (0, ~v n )a N (0, v n )A - a N (0, ~v n )a N (0, v n )A^ x 

Thus ^4 satisfies the quadratic equation 

A 2 - 2RA -1 = 

where 

„ 1 r' N {l,-v n ) I r^(l,i/„) 



2a w (0, -<) (-2*i/ n )^+i 2^(0, i/ n ) (2iz/„) JV + 1 " 
As v n = mr + —&,, we write 



n «' 



(-l)M = exp ( %(v n - wr) + £ ) 



A2/+1 

2Z+1 



leading to 

(-l)M = (-l) n i? + Vl + i? 2 = 1 + (-l) n R + 0(R 2 ). (46) 
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By Proposition (23 (— l) n r' N {l,±v n ) equals 



±imra N+1 ± inn(±2inir) N f q{x)e ±2ninx dx 

Jo 



±2ninxj„ _,_ a N+2 (2 _ 



Further 



(o, ± „„) = ± ^ + £ (J^=±--(i + o(i)) 



Kk<N 



and thus 



(-l)"? , Ar(l,±^n) ,,„. sJV /" / \ ±2irinxj , a N+2 , 1 „2 

— cln+i + (±2tnir) / q(x)e ax- 



yielding the asymptotic estimate 

v ; 2(2m7r) w+1 2 2inir J HV ' 2 (2imr) N + 2 

1 1 1 1 f ( \ 2-ninx, a N+2 1 1 ,,2 

~2{2inir)"+i aN+1 ~2 2i^J q[X)B ~ 2 (2imr)"+2 ^^ n " 



Using that by Lemma 12.31 

a w+ i(l + (-l) Ar ) = 2a A r + i and aA r +2 (l + (-l) w+1 ) = 2a w+2 , 
one then gets 

(-l)»Jl = -a w+1 (2 , n?r 1 r+1 - ^fo cos 2nnx) - a N+2 (2 .J )JV+2 + J^C 

In view of a\ = a 2 = one then gets for any N > 

i? 2 = 1 I 2 

^Ar+2^"- 

Substituting the latter two estimates into (146]) one concludes 



exp i(y n — nit) + > 



fl2i+l 



12Z+1 



l<2Z+l<iV v ™ ; 
1 1 / :i I 

= 1 -ayv+iT-r — rrrrr - 7T- — {q,cos2imx) - a N+21 — 



a 



(2inir) N + 1 2mf w ' ' " + '{2imr) N + 2 n N + 2 n 

and taking the principal branch of the logarithm on both sides one gets after 
multiplying by —i for any N > 0, 

E(— 1) CL21 + 1 1 / « \ 1 2 

(2^) 2i+1 + 2^r^' COs27rra ) + ^v+2^' 

l<2Z+l<JV+2 v ; 
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Arguing as in the case of the Dirichlet eigenvalues one then concludes that 
v n =nn + ^ -^ + — (q, cos 2imx) + -^£ n ■ 

l<2l+l<N+2 

Squaring both sides of the latter identity yields the claimed asymptotics for the 
Neumann eigenvalues. Going through the arguments of the proof one verifies 
the stated uniformity property of the error term. □ 



5 Asymptotics of X n 

The main purpose of this section is to prove Theorem 11.21 



Proof of Theorem \l.Sk As for the proof of Theorem ll.41 the main ingredient are 
the special solutions z^(x,±v n ) of — y" + qy = v 2 y for potentials q £ H^ c , 
constructed in section^ 

r N (x,v) 



zn(x, v) = exp / ajv(^, v)dt + 



(2iu) 



N+l 



where otN(t, v) = iv + Yli<k<N (2iv) k ■ (Without further reference, we use the 
notation introduced in section[2J) Recall from section [5] that for \v\ sufficiently 
large, zn(x, v) and zm{x, —v) are linearly independent. Denote by Yn(x, v) the 
solution matrix 

, A _ (z N {x,-v) z N {x,vf 
Yn[ - X > V > - \z' N {x,-u) z' N {x,v) 

and recall that rAr(0, v) = and r' N (Q, v) — so that 

1 1 



^^(0,-1/) a N {0, v). 

The large periodic eigenvalues of — d\ + q on the interval [0, 1] are thus given by 
the zeros of the characteristic function 

Xp (v) := det{Y N (l,v) -Y N (0,v)) 

whereas the large antiperiodic eigenvalues of — d 2 + q on the interval [0, 1] are 
given by the zeroes of 

Xap {v) := dct (Y N (1, v) + Y N (0, v)) . 

The two cases are treated in a similar fashion and hence we concentrate on the 
periodic case only. Recall that for q = 0, they are given by Ao = 0, A4„ = 
A4n-i = (2n7r) 2 . For arbitrary q one then knows that the large periodic eigen- 
values are \2„, A2n-i with n large and even. It is convenient to introduce the 
notation 
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and to write v n if we do not need to specify our choice among v + and v~ . Let 
us now compute the asymptotics of Xp( v )- First note that ajv(l, v) — ctAr(0, u) 
as q is 1-periodic, leading to the formula 



z' N (l,u) = ajv(0,2/)exp I / aN(t,v)dt\ + 



(2iv) N + 1 

Then we have 

z N (l,±v n ) = A* 1 + R ± 

and 

z' N (l,±u n ) = a ± A ±1 +R' ± 

where 



A ±:L :=cxp(± / ajv(*j v n )dtj — exp f / ajv(t, ±i/„ 



)rff 



(the latter identity follows from Lemma 



rjy(l,±^») rJv(l,±i/ n ) 



(±2»i/ n )"+i L± ' (±2ii/ n )^+i 
and 

o ± := a w (0,±,„) = ±*V„ + g (J— ^- 

Hence Xpi v n) equals 

(A" 1 + i2_ - 1) (a+A + R' + - a+) - (a- A- 1 + R'_ - a.') {A + R+ 
or 

where 

£ =u + R_ - R'_ - a + + oT 

C =2a+ - 2a" + i?'_ - a+i?_ - i?+ + a~i?+ + R-R' + - R'_R+ 

f] = — a~ R + + R' + — a + + a~ . 

Note that 

C = -(t + v) + R with R = R_R' + - R'_R + . 

As Xp{ v n) = 0, one has £A + £ + rjA^ 1 = or 



A = t + v-R + ^{t + v-R) 2 -^n (47) 
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with an appropriate choice of the sign e = e* <G {±1}- We want to estimate the 
terms on the right hand side of (|47|) . By Proposition 12.11 and the assumption 
that n is even, (—1)" = 1 and hence 

r N (l,±v n ) = a N+ i - e^ ± — — a N+2 + -£„ 

where 

e± = (±2*7171-)* / q(x)e ±2m7TX dx. 
Jo 

Similarly, the asymptotics of ^(l, ±i/ n ) are given by 

r' N (l,±v n ) = ±inira N+1 ± irnre^ + -a N+2 + ( 2 n . 



™+k% 



Furthermore, as <zi = J gdx = by assumption, and v n 

± ! ,2 

a = ±m7r H — £„. 

n 

These asymptotics yield the following estimates 

t =a - _ a + + -aw+1 + ajy +2 /(2m7r) + l 2 /n 

(—2irnr) N 

rj =a~ -a+ + QN+1 ± ^±gZi^ + £ '> (49 ) 

(2m7r) iv 

Furthermore, i? = R—R' + — R'_R+ has an expansion of the form 



1 

(2n7r) 2 ^ v + 1 V" iV+i """" ' n" 



" — /l„_\27V+l ( fl A r + l e n e n + ~*n ) ■ (^0) 



Now we are ready to estimate the terms on the right hand side of (|47|l . By 
Lemma [2.31 ajv+i = [a^ +2 = 0] for N odd [even]. Hence for any N, (1 + 
(-l) Ar+1 )a A r + i = and (1 + (-l) N )a N+2 = 0. As a consequence, (|48]) - (|49t 
yield 



1 
£ + »7 = 2(cr -a T ) + - 

n 

and 



£ + 77 = 2(a--a + ) + -^ pr ^ 



, ! + (-!)* l + l-l)^ 1 1 [l2 

Furthermore, if N = 0, then use ai = J Q q(x)dx = to conclude that by 
l|48p. i? = if 2 , whereas for A*" = 1, the fact that a 2 = leads to the estimate 
R = -^£ 2 n - For N > 2, one gets from (gHJ) that i? = -^w+ril- Altogether we have 
established that for any N > 

r= l e 

„N+1 « 



2li 



and thus 



S + rj- R = 2{ar - a + ) + -j^t 



n 



N+l n- 



To estimate the square root in (|4"T)) . the term R will play a role. First note that 

(£ +77 - i?) 2 - 4£r? = fa - £) 2 - 2(£ + 77)7? + i? 2 . 
As a^v+i • &at + 2 = for any N > by Lemma |2~5I we get 

fa r)2 - ( 1 + (- 1 ) Af ) 2 j2 + _?_* 

/ 1 \ (-l)^ 1 / . 1 

-2(e + »j)i2 - (^4(a+ - a ) + ^v+T^J (2m7r)2J v+i (j4+i - 4e n + -£ 2 
_(-l)" +1 4, a ^_, , 1 



(2in7r) 
Clearly i? 2 = ^ai+i I 2 and thus 

(e + ry ^) ^77- (2j nw )aJV "^ + (2zn7r)^ e " e " 



, Z 2JV+1 "' 

Using once more that aAr + i = for N odd it follows that for any N > 0, 

((i+(-in 2 ~ (-1)^4)^^=0 

leading to 

1 

(2mr) N V"""" ' n" 

Finally we need to estimate l/2£. As (a~ — a + ) = —2imr + O(-) it follows 
from (ggj that 



v/(C + v - R? - 4^ = tkz^n \l e " e « + -C 



(2m7r) JV + 1 (217777)^+2 n w + 2 " 

As ajv+i = for N = 0, we get from the Taylor expansion (1 + x)~ x = 1 — x 
0(x 2 ), for any N >0, 



(-l) N ^a N+1 (-l) N a N+2 1 2 



2£ 2(ar - a+) V (2m7r) iV + 1 (2w7r) 

Combining the estimates obtained so far and substituting them into the identity 
(|47[) we get for any N > 0, after dividing nominator and denominator of the 
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right hand side by 2 (a — a + ), 



(, _ (-!)'■»« , (-l) A '°A. + 2 , 1 ,2 

I /„. M7n /-• ^AT+2 + „N+2 " 



(2m7r) ;v + 1 (2in7r) 

(-l^W+i (-l) w + 2 fljv+2 

(2imr) N + 1 (2imr) N + 2 

it n / _.- _ . 1 ,o 1 



7?/ 



fc (2n 7 r)^+ 1 V 6 " 6 " + /" + n^+2^- 



Here we used that ( \/ete n + \l%, ) is in P 2 . Taking the principal branch of 

the logarithm of both sides and taking into account that log(l +x) = x + 0(x 2 ) 
as well as v n — wk = —C^ and e m7T = 1 as n is even one gets 

a 2;+ i {-l) N+l a N+1 , (-l) N+2 flAr+2 



i za, — n7r 



)+ £ 



(2ii/ n ) 2/ + 1 "' (2mir) JV + 1 (2m 7 r) Ar + 2 

1<2/+1<jV v ; v ; x ' 



itn / j_ _ .1 „„ . 1 



Using once more that by Lemma l2.31 a,k = for A; even we get, after multiplying 
both sides by —i, the following estimate for p„ := v n — wn 

= v ( iv a2l+1 i - ,/ c + c - i [^ I * e 

l< 2 /+l<iV+ 2 v nJ y ' 

Arguing as in the proof of Theorem II .41 (section |4|). one has by (|4T |) - (|44| 

l<2i+l<7V+2 v "' v 7 \ \ / 

with p(z) given by (gU) and i^„ by (|31|). Therefore 



1 \ \ e„ / . _ . 1 m . 1 



By ([33]> , F» = (9(l/n 2 ) and thus 



l<2Z+l<JV+2 " V ' 

Squaring the latter expression yields 
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with m„ given by §5$ . Going through the arguments of the proof one verifies 
that the error terms are uniformly bounded on bounded subsets of potentials in 

JN 

z o.c- 



H nir . □ 



We have also the following result on the coefficients c%j in (j3|). 

Corollary 5.1. Let N £ Z>o- Then for any 2 < 2j < N, C2j is a spectral 
invariant on H^ c , i.e., for any two potentials p,q in H^ c so that —d\ +p 
and —d\ + q have the same periodic spectrum, one has C2j(p) = C2j(q). In 
addition, if N + 1 is even (otherwise cn+i vanishes on H^ c ) there exists an 

open neighbourhood Wn Q Fqc of H^ 1 so that on Wn , cn+i is a spectral 
invariant as well. 

Proof of Corollaru \5.1\ Let p, q in H^ c be isospectral, i.e., — d\ +p and —d\ + q 
have the same periodic spectrum. By the asymptotic estimates ([2]) of Theorem 
11.21 we have C2j(p) = C2j(q) for any 2 < 2j < N. The case of the coefficient 
cjv + i, N + 1 even, is more subtle as the factor in the asymptotic estimate ^$ 
containing Fourier coefficients of q, is of comparable size. 

By [3J, Theorem 11.10 and Theorem 11.11, there exists an open neighbour- 
hood Wn C H^ c of H^ so that any two isospectral potentials p, q in in Wn 
can be approximated by isospectral finite gap potentials. In particular it follows 
that there exist sequences {pi)i>\, {qi)i>i in Wn with the following properties 

(i) (pi)i>i, (qi)i>i C H^ c for any k € Z> ; 

(ii) lin^oop; = p, limj^oo qi = q in H^ c ; 

(iii) the periodic spectra of — d% + pi and — d 2 x + qi coincide for any I in Z>i. 

By (i) and the first part of this proof it then follows that 

c N +i(pi) = c N +i(qi) VZ > 1. 

As cn+i is the integral of a polynomial in q and its derivatives up to order N — 1, 
it follows that, c N +i(p) = lim^oo c N +i(pi) and CAr +1 (g) = lum^oo c N +i(qi). 
Hence cn+i(p) — CN+i(q) as claimed. D 

Remark 5.1. Denote by A(A) = A(X,q) the discriminant of —d\ + q, i.e., 
A(A) = 2/i (1, A) + y 2 {i, A). Using Corollarv \5.1\ one can prove that the Poisson 
bracket {cjv+i, A(A)} = L d q CN+id x d q A(X) vanishes on H^ for any AeC. As 
cn+i and A(A) are defined on all of Hq C and are analytic there {cn+i, A(A)} = 
on H^ c for any A £ C. 

6 Proof of Theorem 11.31 

The main purpose of this section is to prove the asymptotics of the t„'s stated 
in Theorem II .31 
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Proof of Theorem \1.3\ (i). Thcorcm ll.3l fi') is a direct consequence of the asymp- 
totics of the periodic eigenvalues stated in Section Theorem 18.11 □ 

In the case of complex valued potentials the arguments are more involved. 
The strategy to prove Theorem 11.31 (ii) is to try to find for any given element q 
in H^ c an isospectral potential p with the property that the periodic spectrum 
consists of the disjoint union of the Dirichlet and Neumann spectrum. Such 
a p is found with the help of the so called Birkhoff map (cf [J for a detailed 
construction) for any q in Hq C sufficiently close to the real subspace Hq . The 
asymptotics of t„ are then obtained by applying Theorem 11.41 and Corollary 
15.11 First we need to establish some auxiliary results. Introduce the following 
subset of Lq c 

E := {q e Lo,cl spec D (-d 2 x + q) C spec p (-d 2 x + q)}. 

We begin by examining some properties of Ef] L\. It turns out that for q in 
E n Lq, each Neumann eigenvalue is a periodic one as well. To prove this fact 
we first need to establish the following result for even potentials. We say that 
q € -Lq c is even if q(x) = q(l — x) for a.e. < X < 1. 

Lemma 6.1. Assume that q € Lq c is even. Then each Dirichlet and each 
Neumann eigenvalue of —d x + q is also a periodic eigenvalue. 

Proof. Consider first the Dirichlet eigenvalues (fi n )n>i- For any n > 1, the 
function g(x) := 2/2(1 — x, fi n ) satisfies the equation (0 < x < 1) 

-g"{x) +q(x)g(x) =- 1/2(1 -X, fin) + q(l - x)y 2 (l -X,fi n ) 

=Mn 3/2(1 -X,H n ) 

where we used that by assumption q(x) = g(l — x) for a.e. < x < 1. As 
g(0) = 1/2(1, fi n ) it then follows that g(x) = g' (Q)y2(x, fi n ) for any < x < 1. 
But g'(0) — ~y' 2 (l,fi7i) and therefore 

-1 =g'(l) =g'(0)y' 2 (x,fi n )\ x=1 - -y' 2 (l,fi n ) 2 . 

As a consequence y' 2 (l,fi n ) = ±1, implying that fi n is a periodic eigenvalue of 
—d x +q (when considered of [0,2]). For the Neumann eigenvalues ij n , n > 0, 
one argues similarly. Recall that y[(l,r)n) = 0. Consider h(x) := yi(l — x,r/ n ). 
Then h'(0) = and a.e. < x < 1, 

—h"(x) + q(x)h(x) = T) n h(x). 

Hence h(x) — h(0)yi(x,r) n ), or, when evaluated at x = 1, 1 = yi(l,r) n ) , again 
implying that r/„ is a periodic eigenvalue. D 

Lemma [6.11 allows us to prove the following result for elements in E D Lq, 
mentioned above. 
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Lemma 6.2. For any q G E n L 2 ,, ^ e Neumann spectrum (??„) n >o 0/ — d 2 + g 
is contained in the periodic spectrum as well and one has 

VO = A , {?7n, Mn} = {A2n-1,A 2 „} Vn > 1. 

Proof. As /i„(g) is assumed to be a periodic eigenvalue, one has y 2 (l,/j n ) = 
(—1)™ and hence K n = log(— l) n y' 2 (l, fi n ) — for any n > 1. By iBj, Lemma 3.4, 
it then follows that g is even and thus by Lemma \Q. II the Neumann eigenvalues 
(Vn)n>o are also periodic ones. Furthermore, as q is assumed to be real, one 
has 770 < Ao and, for any n > 1, A2«-i < UniVn < A2 n - Hence 770 = Ao and 
{r/nif-n} = {A2n-i, A2n} for any n > 1 as claimed. □ 

The Birkhoff map is defined on an open neighbourhood W of L 2 , and takes 
values in f) c , where for a € M>o, f)c = t° x ^c° an< ^ 



4'" = ^ u = K) fe >i C C| ||u||<».. = ( ^ fc^Kf ) < co 

Similarly we let f)" := £ 2,a x £ 2 ' a denote the corresponding spaces of real se- 
quences. Denote by (x n (q),y n (q)) n >i the image $((7). First we characterize the 

~ 1/2 

image of ED W by <J>. For this purpose introduce the closed subspace Z of f) c , 

1/2 
2:={(xi,St)t>i€f) c ' I y fc = V/c > 1}. 

Lemma 6.3. Elements of EHW are mapped by $ to Z (1 $(W) and 

is bijective. 

Proof. By a straightforward computation it follows from the definition of the 
Birkhoff map, analyzed in [3], that $(E n £§) c z n ^ 2 - Moreover, as $| L 2 : 
Lq — » f) 1 / 2 is a diffeomorphism the restriction of $ to Lq PI E is 1 — 1. To show 
that $(L§ n 2?) = fj 1/2 n Z, let (x fc , Q)k>\ be an arbitrary element in f) 1 / 2 n Z, 
and define p — 3? _1 ((#fc, 0)fc>i). Denote by q the potential in L 2 , n -E with the 
same periodic spectrum as p and determined uniquely by the conditions 



I A 2 fc if x k < 
[A 2 fc-i 11 »a > 0. 

By a straightforward calculation one then concludes that $(g) — $(p) and hence 
p = q. 

a 



W N of ff^ in W n F^c such that <S>\ Wn : W N -* $>{W N ) C f)c +V2 is a 



According to [3 , for any N G Z>o, there exists an open neighbourhood 
v of H^ in W n F^c such that $|^ 
diffeomorphism. We denote $(Wjv) by Vjv. 
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Proposition 6.1. For any N £ Z>o and any q £ $ 1 (Vjv H Z). 

%(«) = A (?) {jUn(g , ),r? n (g)} = {A 2n (<7),A 2 „-i(<7)} Vn > 1. 

Proof. As $|jy is a real analytic diffcomorphism onto its image Vjy and ZP\Vn 
is a real analytic submanifold of Vat it follows that $~ l (Vn n Z) is a real analytic 
submanifold of Wn- Both, Dirichlet and Neumann eigenvalues are all simple for 
q £ W. It follows that they are real analytic functions on W and so are their 
restrictions to Wn- Using that the discriminant A(X,q), given by A(X,q) = 
2/i(l, A) + y^l, A), is analytic on C x Lq c it then follows that the compositions 

F n :W N ->C, q^A(n n {q),q) 2 -A (n>l) 

and 

G n :^->C, q^A(r) n (q),q) 2 -4 (n > 0) 

are analytic. One verifies easily that they are real on WnHHq. By the definition 
of E, F n (n > 1) vanishes on£(1 Hq , and by Lemma ROI so does G„ (n > 0). 
Furthermore, by Lemma IOI one concludes that E n H^ = $ _1 (Z n t) Ar+1/2 ). 
Hence, being analytic, the functions F n [n > 1) and G n (n > 0) vanish on 
&~ 1 (Vn H Z). By the choice of W (see end of introduction), for any q £ W 
and n > 1, the eigenvalues n n (q),ri n (q),\2n-i{q),X2n{q) are contained in an 
isolating neighbourhood U n . The U n 's are pairwise disjoint and none of them 
contains Aq or r) . This implies the claimed statement. □ 



Using Proposition 16.11 we want to find a neighbourhood Wn Q Wn of H^ 
so that for any q £ Wn there exists an isospectral potential p £ Wn H E. First 
we establish the following elementary result. For j3 £ R>o define 

l)f = \v= (v k )k>i C C| H|^ = £ fc^N < 00 I . 



fe=i 



Introduce the map 



Q : ^' Q -^ ^c' 2 "' ("fe)fc>i >-» Q((ti*)fc>i) = («fe)fc>i- 

Obviously one has ||Q(w)||fi,2a = || t/.|| f 2 ,„ . Denote by Bfi,p{v;e) [Bg2, a (u;e)] the 
open ball of radius e in £^ [^c' Q ]' centered at v £ £ c [u £ i^"]- 

Lemma 6.4. For any a > 0, e > 0, and u £ (, 2 aC 

Q(Bp,.(u;^)3B/i*W(u)i£). 

Proof. Let w s £ c ' a be arbitrary and consider w = (ufc)fc>i € Bgi,2a (Q(u); e). We 
would like to find (hk)k>i € ^'" so that for any k > 1, 

(ujfe + hfc) 2 = Wfc implying that \\{u k + h k ) 2 - u 2 k \\ e i,2„ < e. 
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For any k > 1 we obtain the following quadratic equation for hk 

hi + 2u k h k - b k where b k = v k - u 2 k . 

Choose the sign a k G {±1} of the root in h k — —u k + <r k \Jv\ + b k in such a 
way that 

\h k \ = min \-Uk± \ju\ + b k \. 

Then 

h\ < \(-Uk + ak\ju\ + bk)(-Uk - °k\ju\ + bk)\ = \bk\ 

and therefore 

||(/ife)fc>i||^." < \\v - Q(u)\\ 11,2c, <e. 

□ 

The following lemma will allow us to deal with complex potentials. 

Lemma 6.5. For any z° G ty N + 1 / 2 there exists a neighbourhood V(z°) of z° in 
Vjv so that for any z = (x k ,y k ) k >i G V(zq) there exists an element (u k ,0) k >i 
in Vn with u\ = x\ + y\ for any k > 1 . 

Proof. Let z° — (x k ,y k ) k >\ be an arbitrary real sequence in \) N+1 / 2 . Define 
u° = (u°)fc>i in £ 2 > N + 1 / 2 by setting vP k — yv^ for any k > 1 where v k = 

{xlf + {ylf. As (u°, 0) fc >i G \) N+1 ' 2 and V N (= $(W N )) is open in f)^ +1/2 , we 
can choose e > so that 

{(uk,0)k>i\ (uk)k>i e B e 2,N+i/2(u°;^/e)} C V N . 
Now consider the map 



P : V N -> 4' 2 +1 ) (xk,yk)k>i H- (jCfc + y^)fc> 



i- 



Clearly, P is continuous and therefore there exists a neighbourhood V(z°) of z° 
in VV so that 

P(V(z°)) C ^i.2iv + i(w ;e). 

By Lemma I6T41 B e i,2 a (Q(v ); e) C Q(Bg2, a (v°; y/e)) and hence the neighbour- 
hood V(z°) has the claimed property. □ 

Having made these preparations we are ready to prove Theorem 11.31 



Proof of Theorem \1.3\ (ii). Let Wn ^= Wn be the open neighbourhood of Hq 

-N 
0,C 

w N = |J $- 1 (y($(g))) 

9 eff « 



inWfl Hqc given by 



where V($(g)) C Vat is the neighbourhood of Lemma 1631 Then for any q G Wn 
there exists an element p G Wjv so that <&(p) = (ufc,0)k>i G Vjv satisfies u| = 
• T A' + Vk w here $((/)) = (xk, yk)k>i- Hence p and q are isospectral. In particular 



33 



T n (q) = T n (p) for any n > 1. By PropositionEI]{/x n (p), r]n(p)} = {/J-n(q) , f]n(q)} 
for any n > 1 and hence by Theorem II .41 

r„(p) =m„(p) + -— ^ 

As by Corollary 15.11 m n (p) — m n (q), one then gets 

r„(<?) =mn(9) + ^+i^ (51) 

Going through the arguments of the proof one verifies the error term in (f5Tj) is 
locally uniformly bounded. □ 

Combining Theorem II .41 and Theorem 1 1.31 one obtains 
Corollary 6.1. (i) For any q € Htf , N e Z> , 

t„ - Hn = (q, cos 2imx) + N+1 £„ (52) 

where the error term is uniformly bounded on bounded sets of potentials in Hq . 
(ii) For any N € 1>o, there exists an open neighbourhood Wm Q Aqc of 
Hq so that (|52[) holds on Wn with a locally uniformly bounded error term. 

7 Appendix A: Infinite products 

In this Appendix we provide asymptotic estimates for infinite products of com- 
plex numbers needed to prove the claimed asymptotic estimates of spectral 
quantities. For a given sequence (a m ) m >i in C, the infinite product Ilm>i(l + 

a m ) is said to converge if the sequence (lli<m<M 0- + a,n ) ) * s convergent. 

In such a case we set 

TT (1 + a m ) = lim IT (1 + a m ). 

■*■ -■- M — s-oo -*■ -■- 

m>l l<m<M 

It is said to be absolutely convergent if rim>i(l + \ a m\) < °°. Note that an 
absolutely convergent infinite product is convergent. A sufficent condition for 
n m >i(l + a>m) being absolutely convergent is that \\a\\^i := J2 m >i l a ™l < °°- 
Indeed, as < log(l + x) < x for any x > one has 

IJ C 1 + M) = ex P I £ lo s0 + l«™D < exp ^ |a m | J . (53) 

ro>l \m>l J \m>l J 

We will improve on the estimates of infinite products of Appendix L in [3] by 
using (a version of) the discrete Hilbert transform, defined for an arbitrary 
sequence a = (a m ) m >i G £%. by 



Ha 
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The following result is due to Hilbert - see e.g. [2J, p 213 for a proof. 
Lemma 7.1. H defines a bounded linear operator on £^, with \\H\\ < 2tt. 
Later we will need the following auxilary result. 

Lemma 7.2. For any i 1 -sequence (a m ) m >i C C with \a m \ < h for any m > 1, 

one /ias 



JJ (1 + Um) - 1 



m>l 



<|A|e 5 + |B|e s+s2 



w/iere A = E m >l a ™> B = E m >i l a ™| 2 ; and S = J2 m >i l a ™l- 

Proof. As |a m | < |, the logarithm log(l + a m ) is well defined and one has 



JJ (1 + Om) = CXp ^ l°g (1 + «m) 



m>l 



, m>l 



e A exp J^ log (1 + a™) - 



,m>l 



The estimate |log(l + z) — z| < |z| , z e C with |z| < i, then leads to the 
following bound for R := ^ m >i(log(l + a, 



1*1 <E 



mj ^m/i 



B<S 2 . 



m>l 



With | A | < 5 it then follows that 



na 



(e A -l) + e A (e K -l) < (e A - 1) + e a (e K - 1) 



As |e z — II < |z|e' 2 ', z £ <C, this leads to the claimed statement, 



JJ (1 + a m ) - 1 



< |,4|e s + |£|e 



s+s^ 



a 



To state the results on infinite products coming up in our study we need to 
introduce some more notation. First let us introduce the notion of isolating 
neighbourhoods. We say that the discs U n C C, n > 1, are a family of isolating 
neighbourhoods with parameters no > 1, r > 0, p > if the C7 n 's are mutually 
disjoint open discs with centers z„Gt satisfying z\ < Z2 < ... , so that 



U n CD? :={AeC| |A-nV| < rir 2 } Vn > 1 



(54) 



35 



and 

U n = D r ; Vn > n + 1 

so that for any n, m > 1 

|A-mI > -\n 2 -m 2 \ \/\€U n ,\/n<=U m . (55) 

We remark that the results stated below continue to hold for a weaker no- 
tion of isolating neighbourhoods, but they suffice for our purposes. Let a := 

(n 2 7r 2 )„>i. 

Proposition 7.1. Assume that {U n ) n >\ is a sequence of isolating neighbour- 
hoods with parameters hq, r, p. Then for arbitrary sequences (a m ) m >i, (fe m ) m >i C 
C with a := a — a°,/3 := b — a° in £q, b m € U m for any m > 1, and any sequence 
of complex numbers A := (A n ) n >i with X n G U n for any n > 1 
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uniformly on bounded subsets of a, j3 G £% with b m G U m for any m > 1 and 
uniformly in A with X n G U n for any n > 1 . More precisely , 



J2 n2 lU X n)-l\ 2 <K? 



a,P,A 



with a constant K a jj,\ > which can be chosen uniformly for bounded subsets 
of a, f3 £ £^ with b m G U m for any m > 1 and uniformly for A = (A„)„>i with 
A n € C/ n for any n > 1 . 

Proof. For any n, to > 1 with n =/= m, 

— -Li CLnm anQ CLnm — 



J * J- I ^ll'ltl LUiiVA Wfim 7 A 

^m 'Vi ^m ^n 

As by assumption 

|&m ^ A„| > -|to 2 — n 2 | Vm 7^ n 
P 

and | to 2 — n 2 \ > n\m — n\, one has by the Cauchy-Schwarz inequality 

£KJ<p£]^^j<^||a-&|| (56) 

*—f *—f \m z — n A \ n 

where we used that 

•2 



\ < 2 > = 

*-^ \m — n\ 2 ~ *-~i k 2 3 ' 

m^n ' ' fe>l 



36 



By ([5^]) this leads to the following estimate 



n 



< TT(l + |a„ m |)<exp(-q|a-6||). 
± j- n 



Now let us consider the asymptotics of [] / n ^"'_ A " as n — > oo. Note that for 
any m ^ n, 

Urn Or 



*m u m 



A n 



m — n z n 



Choose ni > no so that ^-\\a — 6|| < i. Hence for n > n\, Lemma [7.21 can 
be applied to (a nm ) m ^ n . To obtain the claimed estimates we need to show 

that A n := J2 m ^n a nm = \i n and B n ■- £ m# „ Km| 2 = \^ n - We begin by 



estimating A n , Note that for n > 1 and m 7^ n, 



'm u m % W771 I n 7T 777, 7T 

n 2 7r 2 — m 2 7T 2 n 2 7T 2 — m 2 7T 2 \ X n — b m 



(57) 



The two terms on the right hand side of the latter identity are treated separately. 
Use that (n 2 — m 2 ) -1 = 75!- I — 1 r — ) to conclude from Lemma [7TT1 that 



E 



u rn u rn 



Eb rn CL 
n 2 7T 



Tl^TT 2 — m 2 7T 2 



< 116 -ol 



(58) 



To estimate the second term on the right hand side of (|57|) , use that b m , A m G U„ 
so that in view of d5Hl 



22 22 



1 



< 



\b m -m 2 TT 2 \ + \\ n -n 2 TT 2 \ 



I A n — b m \ 



<PT 



2rir 2 



|n z — vnr\ 

to obtain the following estimate for the weighted ^-norm - and hence the 
weighted ^ 2 -norm - 

"777. "m 



E«E 

n>l m^n 



n 2 n 2 — m 2 7r 2 



2 2 2 2 



X n — b r 



- 1 



<2 rp y y n l bm ~ am l 

^— ' ^-^ n 2 (n — m) 2 

ri>l m^n 



<*P E E 

\n>l m^n 

<AiTrp\\b — a\\. 



1 1 



EE 

1 n>l m^n 



\b 



m ^m 



\n — m\* 



(59) 
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The estimates for the B n 'a are simpler as we do not need to split a,, 
as 

I Om Dm | 



Indeed, 






?7/ 



we get the following estimate for its weighted ^-norm - and hence for its 
weighted £ 2 -norm - 



^ n 2 B n < p 



n>l 



2 V — V- 



n* z — ' (n — m) 2 

n>l m^n 



< /^-«ll 2 2£i 



fe>l 



< 4p 2 ||6-a|| 



(60) 



The claimed estimates then follow from Lemma [7721 (|56j). and the statement on 
the uniformity of the estimates follow from the explicit bounds ([58)) ()60|) . □ 



Corollary 7.1. Assume that (U n ) n >i is a sequence of isolating neighbourhoods 
with parameters no, r, p. Then for any sequence a — (a m ) m >i with a — a G £^ 
and any sequence A = (A n ) n >i with A n <G U n for any n > 1, the infinite product 
Y[ m jt n '"2,2" is absolutely convergent for any n > 1 and 



n 



(-1) 



n+l 






uniformly on bounded subsets of a ~ a E £^ and uniformly with respect to A 
with A n € U n for any n > 1. 

Proof. For any m > 1 , n > 1 write 

a m — A n , Am — Tfl 7T — A rl 



and 



E 

m>l 



m 2 7r 2 



< 



|A„| ^ 1 



|An| 



{) 



where a := a — a . Hence according to (J53J), Ilm^n °m^" lB absolutely conver- 
gent and bounded in terms of ||a|| and |A„|. It remains to estimate the product 

[y/I 



for n > no + 1. Recall that 



sin VA 



has the product expansion, 
r 2 -A 



n 

m>l 



Hence for any A„ € U n with n > no + 1 one has 



n 



2^2 



a m — A n sin yAn O 1" 

TO 2 7T 2 n 2 7T 2 — A n -v/A^ 



n 



A n 
~~ A n 



(61) 



:->kS 



In order to apply Proposition [7TT] to the product (],,,/„ mC^-A we re pl ace f° r 
1 < m < no the disc U m by the disc with center m 2 ir 2 and radius 1. Then the 
parameters tiq and r can be left as is whereas p is replaced by p\ > p so that 

|m 2 7r 2 — A n | > — \m 2 — n 2 \ VA n € U n , Vm =^ n, Vn > no + 1. 
Pi 



By Proposition 17. II 

n a 2 ? v A : =i+-^ (62) 

11 m 2 ff 2 _^ n n 

where the asmptotics are uniform in the sense stated there. Now let us estimate 
the remaining terms of the right hand side of (|6ip . For this purpose write 



sinVA^" _ +1 sm(y/\^ - mr) 1 



n 2 7r 2 — A„ v^ — nn \f\^ + nn 

Note that y/X^i, = mr + O(-) and hence by Taylor expansion, 

sin(vAT- nir) = (y/Xn — mr) f 1 + O f — 
V A„ + 7J7r 2n7r V V n 

1 -j-ri+ori 



VA^ nir 
Altogether one obtains in this way 



rinVEnV (-I)-*, /I (63) 



2^2 _ \ . /T— o ' V ^,2 



n 2 7r 2 - A„ vX^ 

One easily sees that the error term 0(-^) in (p5|) can be bounded by C^ where 
C > is a constant, only depending on r and no- Combining estimates (|62p 
and (HkJJ) then leads to the claimed statement. 

□ 



8 Appendix B: Asymptotics of X n for real po- 
tentials 

The aim of this Appendix is to prove the following asymptotics of the periodic 
eigenvalues of — d 2 + q for q real valued. 

Theorem 8.1. For any N £ Z>o and q £ H^ , 

Mn=m n + \(q,e 2 ™ x )\ + -i- T t 2 n (64) 



:-',') 



and 

A 2n _i = m„ - | (g, e 2 — ) | + -^f n (65) 

uniformly on bounded subsets of Hq . Here m n is the expression given by §S§ . 

Remark 8.1. For N > 1, the asymptotics (|64| -(|65 |) are due to Marchenko \$j, 
whereas for the uniformity statement we could not find any reference. 

Proof. We again use the special solutions Zn(x, v) introduced in Section[2] Fol- 
lowing Marchenko we represent these special solutions for \v\ sufficiently large 
by an exponential function , Zn{x, v) = exp {ivx + L a(t, u)dt\ , where 

/. A V^ s k{t) <TN(t,v) 

^^ = \j2u^ + i^r (66) 

and Sk (i) are given as in Section [2j Recall that 



( N r 

zn{x, v) = exp ivx + \_. 

\ k=i Jo 



S k(t)_ dt \ , r N{x,v) 



(2iv) k J {2iriv) N + 1 ' 
Hence for \v\ large, 

<TN(t,v) ( / v-- f x s k (t) ,\ r N (x,v) 



I ^# d * = 1 °s( 1 + ex p(-^-gi J0f dt 



{2w) k I (2mv) N + 1 J ■ 
Furthermore, as rjv(0, v) — and r'(0, v) = it follows that 

(J N {0,v) = 0. 

As z' N (x, v) = zn(x,v)(iv + o~(x,v)), the determinant of the solution matrix 
Y N (x,v), given by 

\z' N (x,-v) z' N (x,v)J 
can be computed to be 

det Yn(x, v) = zn(x, —v)zpf(x, v) ■ w(x, v) 
where 

w(x, v) = 2iv + a(x, v) — o~(x, —v). (67) 

Note that det 1^(0, v) = w(0, v). As the Wronskian is x- independent we get 
z N (l, -u)zn(1,v) ■ iu(l, v) = w(0, v) 
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or 

z N {l,-v)z N {l,u) = ^-{. 68 

This identity allows to express ZnO-, —v) in terms of Zjv(1, v), 

/, n w(0,v) 1 ,„„. 

z N (l, -v) = ' (69) 

Further note that the fundamental matrix is given by Yn(x, f)Yjv(0, ") • The 
condition that z^ 2 be a periodic eigenvalue can be expressed by 

Xp {v) = dot (Y N (1, u)Y N (0, u)- 1 - Id 2x2 ) = 

whereas anti-periodic eigenvalues are characterized by 

Xa P {v) = det (Fjv(1, i/JY^O, i/)" 1 + /d 2x2 ) = 0. 

The two cases are treated similary and so we concentrate on the first one. 
Clearly det (Y N (l,is)Y N (0,v)^ - Id 2x2 ) = MJMMkg^ and 

det{Y N (l,0)-Y N (0,u)) 

z N (l,-is)-l z N (l,is)-l 



" <l0t V N (1, -v) z' N (0, -v) z' N (l, v) - ^(0, v) 



z N (l, -v) - l) (zjv(1, v) (iv + <t(1, i/)) - (ii/ + ct(0, i/))) 
- (zjv(1, ?/) - l) (z N (l, — i/)(—»i/ + cr(l, -i/)) - (-iv + a(0, -i/))) 
= - ^ + cr(l, j/) - ct(0, -i/)) zjv(1, v) + (-2iv + a(l, -v) - o-(0, vfj z N (l, -v) 
+ z N (l, -v)zn(1, v) Oliv + it(1, v) - cr(l, -v)) + 2iv + a(0, v) - <t(0, -v). 

Introduce G(^) := 2iv + a(l,v) — <r(0, — i/). With 2at(1, — i/)zjv(1, ^) = ^[ 1 '^ 
one then gets 

dct(Yiv(l, 0) - Y N (0, i/)) - - G(i/)«jv(1, ?/) + G(-i/)«iv(l, -i/) 

+ *4. W (1,, )+W (0,,). 

w(l,j/) 

The equation Xp{ v ) = is thus equivalent to 

G(v)z N (l, v) - 2w;(0, v) - G(-v)z N (l, -v) = 0. 

Dividing this equation by w(1,v)zn(1,—v) = ^ \^ v \ leads to the following 
quadratic equation 

G{V) ZN (l,vf-2z N (l,v)-^\=0 



w(0,v) ' ' w(l,v) 
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or 

7 n , MM , MM r ~G{y)G{-v) 

ZN{1 ' V) - ~GW ~GW\ w(0,u)w(1,uY (70) 

We now bring the right hand side of this identity in a more convenient form. 
For this purpose introduce 

Using that w(0, u) = 2iv + er(0, v) — a(0, —v) we get 

G{v) = 2iv + er(l, v) - cr(0, -v) = w(0, v) + <j(l, v) - cr(0, v) 



G(u)=w(0,v)(l+D(v)). (72) 

As w(0, —v) = — w(0, v) by the definition of w(0, v) one gets 

G{v)G{-v) _ w(0, i/)(l + D(v))w(0, -i/)(l + D(-v)) 
w(0,v)w(l,v) w(0,u)w(l,v) 

1 + D{y) + £>(-!/) + D(i/)D(-i/) 

-i | ^(l,^)— •uj(0,f) 

1 "I M)(0,I/) 

As 

w(l, v) - w(0, v) =1iv + cr(l, v) - <t(1, -v) - 2iv + er(0, v) + cr(0, -i/) 
=w(0,i/)(D(i/)+D(-i/)) 

we then get 

G{v)G{-v) _ l + D(v) + D(-v) +D(v)D{-v) 
w(Q,v)w{l,v) ~ l + D{v) + D{-v) 

D[y)D{-v) 
l + D{v)+D{-v) 

Substituting this identity as well as (|72]l into (|70]) yields 



wv y 1 + £>(i/) ^ V l + D(u) + D(-u)J v y 

We have to take a closer look at D{v). Recall that D(y) — a - w(oV) where 

er(x, i/j = z^ + > 



'—< (2w) k (2iu) 
42 



iV 



As the Sfc's are 1-periodic and <tn(0, v) — it follows that 

Writing 

<t(0,v) -a-(0,-v) 



w(0, v) = 2iv + cr(0, v) - cr(0, -v) = 2iv[l + 

\ 2iv 

then leads to 

_ a N {l,v) ( a{Q 1 v)-a{Q 1 -v) 
{ ' {2iu) N + l \ 2iv 



As ct(0, v) = Y!\ m£k one has 



(2iv) N + l V V 2 *^ 
) 

(2w) 



«-'l-*') = ES((-')'-') = »(! 



fc=l 

and hence 

onO-,v) f 1 t ^ ( 1 
(2iz/) 



^)-^S5i(i+o(^)). (^) 



In view of this estimate for -D(z^) we can take the logarithm of (|T3[) for f = t/„ 
where f n = tf\^i or ?/„ = %/\in-\ with n even. (Recall that the periodic 
eigenvalues of — d 2 , + q when considered on [0,1] are given by Ao < A3 < A4 < 
A7 < A 8 < . . . .) Due to the asymptotics A2 n) Mn-i = n 2 n 2 + P n it follows that 
v n = nir + -£„. Taking the logarithm of 



1 &N(t,v n ) 



As n is even, the identity (|73l) together with Lemma 12.31 leads to 

1<21 + 1<N y ' -JO \ nj 



iog(i + i)K)) + ipg [i±i- ^^^ 



v/l + £>(i/„) + £>(-!/„) 



(7^(1, »/„) , 1 a(l,^„) 2 , Q /V 1 A\ ± . ^D(y n )D(~v n ) 



(2iv n ) N +i 2(2zz^) 2Ar + 2 VV^+V/ ^/l + £>(!/„) + £>(-!/„) 

1 D(v n )D{-v n ) (( D{v n )D{-v n ) y /2N 



2 1 + D{v n ) + D{-u n ) \ V 1 + £>(i/„) + D{-u n ) 



4:-! 



By the estimate flU} and the expansion (1 + x)~ 1/2 = 1 - x/2 + 3.x 2 /8 + 0(x 3 ) 
one gets 

(1 + D{v n ) + D(-u n )y 1/2 =1 - i \ (a N (l, v n ) 



2 (2iv n 



As ^J D(v n )D(— i> n ) — O ( „w+i ) it then follows that 



A /£>K)I>(- I / n ) . 1 y/D{v n )D(-v n ) 

~ V D(v n )D(-v n ) - -- 



y/l + D[y n ) + D{-u n ) V V nJ V "' 2 (2u/ n )"+i 

• (a N (l, „ n ) + (-l) N+1 a N (l, -„„)) + O (-^\ . 

Combining the estimates above leads to 

E(-l)'o2/+i . f 1 <J N (t,u n ) 
(2v n ) 2l+1 J Q (2iv n ) N 

1<21+1<N y ' Ju v "' 

.a N {l,v n ) i a N {l,v n ) 2 / r— — — 

= % J^T^ ~ 2 &„„)*»+* ± W D ^)D(-u n ) 

1 y/D(v n )D(-v n ) , n iv+i n i; xn\ 

~2 (2zt/„)^+i (^Jv(l^n) + (-l) 0>(1, -!/„)) J 

-IflWDW + oJjjij). (75) 

We need now to consider ctjv(1, ^n) and J ojv(£, v n )dt. For this purpose intro- 
duce the following notation 

A:=cxp Ui/-t ^ (2l/1 2t+i 

y i<2;+i<tv v y 

" x a N (t,p) 
By the definition of zjv and ctjv , 



B: = cxp| '„ -pSF* 



Hence 



(2zi/) w + 1 
and, by taking logarithm, 



(2iv) N (2w) N + 1 2 (2i^) 2Ar + 2 
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Furthermore, with 2jv(1, v) — A ■ B, 



s k (0)\ t r' N (l,u) 



-*Hm) 



(2iv) N + l 
or, a,s z N {l,v) - A = r N (l, v)/(2iv) N+l , 



N 

ry . f I >,' i rvl ?/ i / 

Zjv(1,^) 



crAr(l,^) _ rjv(l,^) / . , v^ s k (0) \ | rjv(l,i/) 






(2u/)* (2*1/)^+! N V ( 2w ) fc / (2«^) Ar+i ' 

It leads to the formula 

Recall that by Proposition 12. II (keep in mind that n is even) 



r N (l,±v n ) = a N+1 - (±2inir) N (q,e^ n ™) ± -—a N+2 + -f n 



1 1 

„- — a N+2 + - 
Zinir n 

and 



n n 



r' N (l, ±v n ) = ±irma N+ i ± tnir(±2tnir) N ' (q, e * 2in ™) + ^±± + -f n . 

I n 

Using that a\ — and v n — nn = — ^ it follows that 

zjv(l,i/„)=exp «(i/„- T»7r)+ ^ |fwi = X 

y i<2i+i<Af ^ n > J 

Hence 

- M +„ W C\ +„ \ aw+i , (±2inn) N T2iMI , 1 ajy +2 1 2 

2 2 2in7r 2 n 

OiV+i (±2 ? n 7 r) Af 2m 1 aN+2 }_ p2 

+ 2 + 2 W,e ' 2in-K 2 n n 

and thus 

z N {l,±u n )a N {l,±v n ) = (±2imr) N ( q> e* 2in ™) + ~l\. (78) 

n 

As z N {l,±v n ) = 1 + 0(1) 

<T N (A,±V n ) _ 1 =2*inxv , X .2 / 7Q N 

(±2 i ^) w + 1 ±2*n7r W ' ; n w + 2 "' l J 
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Hence also 

-j. 



<J N {l,±V n ) 2 _ 1 2 



{±2iv n ) 2N + 2 n 2N + 2 
and 



( 2 ^ n)J V+l K(l,^n) + (-l) + W(l.-"»))=^n 



0-^(1 , I/ 7I )g JV (l,-t/ n ) ^ j_ n fj_^ _ 1 ,j 

(2^) 2W + 2 



as well as 

D(^)D(-^) = ^gg^i ^ [ i + o ( ^ ) ] = ^^^ 

In view of all this and (|76|) , (J75I) reads 

v -mr+ V (~ 1 )' fl2 '+ 1 I iA -i r N(l,Vn) 
v n -nir + 2. (2^) 2/+1 + (2w n ) N + 1 

K21+KN y ' y ' 



l A -2 r N 0-,v n ) 



2 



2 {2iv n ) 2N + 2 



1 Z" 1 

/ q{x)e 2mnx dx 

2n-K J Q 



+ y/D( Vn )D(-V n )) + -£-;£ 



•2 
n N+2"n- 



But 



hence 



A- 1 =i + o[i- 



! r N (l,v n ) _. a N+1 f 1 q(x)e 27rmx j <i\... : . 



iA — — — ' . , , = i — — — ; .. , , — / dx + i 



(2iv n ) N +^ (2iv n ) N + 1 J 2nir (2iis n ) N + 2 

and using that ajv + i = in the case TV = we get for any N > that 



2 r N (l,u n ) ^ ( 1 



A-2 '"^r~; _ q 

{2iv n ) 2N + 2 \ „*+■•• 



We then get in view of Lemma 



E T^W ± VD(, n )D(-, n) ) + * * 



l<2( + l<AT+2 



Note that the periodic spectrum of — d 2 + q is real and hence t/^2n, a/^ 2 ™- 1 
are real for n sufhciently large. It then follows from Lemma T8 . 1 1 below that 



t/D{v n )D(-v n ) = |D(i/ B )| 
But by GU, D(i/„) = ^^i + O (^pr) and by G9 



(2inir) N + 1 2irvK J Hy ' n N + 2 "' 
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Hence, for q real we have by Cauchy's inequality 

<7 N {l,V n ) 



< 



(2inir) N + 
a N (l,iy n ) 



ll-^-l C <l{x)e 2 ™ x dx\ 

^ n7r Jo 



1 



{2inir) N+1 2inir 



q(x)e 2 



We therefore have established that 

(-1)'02I+1 



v n =nn + 



E 



(2f„) 



2;+i 



± 



1 

2nit 



c dx 



q(x)e 2 



e 

,JV+2 " 



c dx 



— — r 



l<2Z+l<Af+2 

Arguing as for the asymptotics of the Dirichlet eigenvalues one gets 



v n =nir + 



E 



Then for q G H£ 



l<2/+l<Af+2 
N 



(2mr) 2l + 1 



± 



1 



^ I «W 



c dx 



1 



N+2 n- 



m„ ± 



g(x)e 2 



c cfe 



1 



,7V+1 « 



where m n is given by ([3]) . Going through the arguments of the proof one con- 
cludes that the error term has the claimed uniformity property. Finally we need 
to determine the signs ± in the asymptotics of A2 n and A2 n -i- It is convenient 
to introduce A+ = A2«, A~ = A2 n -i- Choose e* G { — 1, 1} so that 



A 



q(x)e 



2-jrinx 



dx 



, JV+1 



We note that e„ are not uniquely determined and that as A~ < A^, we may 
choose e„ so that e~ < e+ . We claim that e^ can be chosen in such a way that 
e+ = 1 and e~ = —1 for any n > 1. Indeed, let J = {n > 1| e+ = e~}. If J is 
finite we can change e+, e~ as claimed without changing the asymptotics. If J is 
infinite, then the n's in J form a subsequence (nk)k>i in N such that e+ = e~ 
for any k > 1. As 



A+ +A; 



- = m„, + e^ 



j{x)e 27Tln " x dx 



1 



n 



Af+l^fc 



it then follows from the asymptotics of the r n 's that 



q(x)e 



2-Kin^x 



dx 



1 






and hence we can again change the e^, so that now e^ = ±1. This proves the 
claimed asymptotics. □ 
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Lemma 8.1. For any i/£l and any q £ L\ (in particular q real valued) 



(i) zn(x, —v) = Zn(x, v) Vx e 



(ii) cr(x, —v) = a(x, v) Vx <E 



(in) D(-u) =D(y). 



Proof, (i) It is easy to check that z(x, —v) and z(x, v) both satisfy the equation 

-y" + qy = u 2 y. (80) 

Further recall that 

z(0,-i/) = 1 = z(0,is) 

and 



v ' ' £-< {-2iv) k ^ {2iv) k v ; 

By the uniqueness of solutions of (l80l) with given initial values it then follows 
that 

z{x,-v) = z(x,v) VieR^i/eM. 

(ii) By (|9l)- ([TT|) one sees that Sk(x) is real for any x £ R and any 1 < k < N. 
Hence by (i) and the definition (|M| of o~(t, v) it follows that 



a(t, —v) = o~(t, v). 

(iii) In view of the definition of D(v) f(|7ip. (|57)) ). the claimed identity follows 
from (ii). □ 
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